Abstract. In this paper, we consider fuzzy number-valued functions and fuzzy number-valued Choquet integrals. And we also discuss positively homogeneous and monotonicity of Choquet integrals of fuzzy number-valued functions(simply, fuzzy number-valued Choquet integrals). Furthermore, we prove convergence theorems for fuzzy number-valued Choquet integrals.
Introduction
It is well-known that closed set-valued functions had been used repeatedly in [1, 2, 4, 20] . We studied closed set-valued Choquet integrals in [5, 6] and convergence theorems under some sufficient conditions in [7, 8] , for examples ; (i) convergence theorems for monotone convergent sequences of Choquet integrably bounded closed set-valued functions(see [7] ), (ii) covergence theorems for the upper limit and the lower limit of a sequence of Choquet integrably bounded closed set-valued functions (see [8] ).
In this paper, we consider fuzzy number-valued functions in [19] - [22] and will define Choquet integrals of fuzzy number-valued functions. But these concepts of fuzzy number-valued Choquet integrals are all based on the corresponding results of interval-valued Choquet integrals in [5] - [8] . We also discuss their properties which are positively homogeneous and monotonicity of fuzzy number-valued Choquet integrals. They will be used in the following applications : (1) Subjectively probability and expectation utility without additivity associated with fuzzy events as in Choquet integrable fuzzy number-valued functions, (2) Capacity measure which are presented by comonotonically additive fuzzy number-valued functionals, and (3) Ambiguity measure related with fuzzy number-valued fuzzy inference.
In section 2, we consider interval number-valued functions and discuss some characterizations of interval number-valued Choquet integrals. In section 3, we define Choquet integrals of fuzzy number-valued functions and discuss their properties on a suitable class of fuzzy number-valued functions. In section 4, we will prove convergence theorems for fuzzy number-valued Choquet integrals.
Interval number-valued Choquet integrals
A fuzzy measure on a measurable space (X, A) is an extended real-
A fuzzy measure µ is said to be autocontinuous from above[resp., below]
If µ is autocontinuous both from above and from below, it is said to be autocontinuous (see [8, 13] ).
Definition 2.1. ( [3, 10, 11, 12, 13] ) (1) The Choquet integral of a measurable function f with respect to a fuzzy measure µ is defined by
where µ f (r) = µ({x|f (x) > r}) and the integral on the right-hand side is an ordinary one.
(2) A measurable function f is called integrable if the Choquet integral of f can be defined and its value is finite. Throughout this paper, R + will denote the interval [0, ∞),
Then an element in I(R + ) is called an interval number. On the interval number set, we define; for each pair 
We note that ≤ is called an order of interval numbers and that
A fuzzy number is a fuzzy set u on R + , satisfying the following conditions(see [18, 20, 21, 22] );
Let F (R + ) denote the set of fuzzy numbers. We define (see [18, 21, 22] 
Let C(R + ) be the class of closed subsets of R + . Throughout this paper, we consider a closed set-valued function F : X → C(R + )\{∅} and an interval number-valued function F :
c (µ) if and only if f is measurable and (C) f dµ < ∞. We note that "x ∈ X µ − a.e." stands for " x ∈ X µ-almost everywhere". The property p(x) holds for x ∈ X µ − a.e. means that there is a measurable set A such that µ(A) = 0 and the property p(x) holds for all x ∈ A c , where A c is the complement of A. [13] ) Let f, g be measurable nonnegative functions. We say that f and g are comonotonic, in symbols f ∼ g if and only if
Theorem 2.6. ([10]-[13]) Let f, g, h be measurable functions. Then we have
( (
Instead of (C) X F dµ, we will write (C) F dµ. Let us discuss some properties of interval-valued Choquet integrals which mean Choquet integrals of measurable interval number-valued functions.
We consider the following classes of interval number-valued functions (see [8] 
, where f * (x) = sup{r|r ∈ F (x)} and f * (x) = inf{r|r ∈ F (x)}.
In the paper [8] , we proved that f * , f * are Choquet integrable selections of F . Now, we consider a function S on F 1 defined by
for all F, G ∈ F 1 . Then, it is easily to show that S is a metric on F 1 . Definition 2.11. Let F ∈ 1 . A sequence {F n } ⊂ 1 converges to F in the metric S , in symbols, 
Fuzzy number-valued Choquet integrals
In this section, we will define various concepts associated with fuzzy number-valued Choquet integral which is the Choquet integral of a fuzzy number-valued function.
Definition 3.1. (1) A fuzzy number-valued function F is said to be measurable if for each λ ∈ [0, 1], the interval number-valued function
(2) F is called Choquet integrably bounded if F 0 is Choquet integrably bounded. We denote the following classes of fuzzy number-valued functions : 
Proof. By measurability of
We note that [
That is, F λ is Choquet integrably bounded for all λ ∈ [0, 1]. Thus we have F λ ∈ and hence F ∈¯ .
Thus we have 
Therefore, we have
then there exists a unique fuzzy number
Proof. Theorem 3.5 implies that assumptions (1) and (2) of Lemma 3.3 hold. Thus by Lemma 3.3, there exists a unique fuzzy number u ∈ F (R + ) such that the family (C) F λ dµ represents the λ-level sets of u, that is,
We remark that for all F ∈¯ 1 , F is Choquet integrable and that F ≤ G if and only if F (x) ≤ G(x) for all x ∈ X (see [22] ). 
Proof. (1) It is easily to show that cF ∈¯ 1 . Theorems 2.7(2) and 2.10(5) imply that for each λ ∈ [0, 1],
Thus we have (
By Theorem 2.10(3) and (4), we have
and
for all λ ∈ [0, 1].
The convergence theorem for fuzzy number-valued Choquet integrals
In this section, our aim is to prove the convergence theorem for fuzzy number-valued Choquet integrals. To this end, we introduce a metric in F (R + ) (see [9, 15, 16] ) and define a metric in¯ 1 .
Let u, v ∈ F (R + ), and set 
Then we have a relation between D S and ∆ S . 
for all n ≥ N 0 . Therefore, the proof is complete.
